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Abstract 
In this paper we introduce an approach to increase density of field-effect transistors framework a four 
stages distributed amplifier. Framework the approach we consider manufacturing the amplifier in 
heterostructure with specific configuration. Several required areas of the heterostructure should be 
doped by diffusion or ion implantation. After that dopant and radiation defects should by annealed 
framework optimized scheme. We also consider an approach to decrease value of mismatch-induced 
stress in the considered heterostructure. We introduce an analytical approach to analyze mass and heat 
transport in heterostructures during manufacturing of integrated circuits with account mismatch-
induced stress. 
 
Keywords: analytical approach for modelling, four stages distributed amplifier, optimization of manufacturing, 
accounting of mismatch induced stress and porosity of materials. 
 
Introduction 
Rwanda is depending on imports where 100% of fuel used in Rwanda is imported and 
transport cost is high due to fuel imported. Today Rwanda is promoting E-Mobility where 
electrical motorcycles, vehicles and bikes are in manufacturing in Rwanda to reduce the 
emissions and quantity of fuel consumptions (Sweco, 2019) [2]. 
The E-mobility avoids the use of fuel and promotes the decrease of carbon emissions in 
environment. Average price of fuel in Rwanda is 1.09 $ and the average vehicles in Kigali 
city was about 30,000 in 2018. Three companies Ampersand, Safi and Rwanda Electric 
mobility are targeting to contribute in implementation of this new system of E-Mobility. 
Development of urban transport is increasing due to high increase of population in the Cities. 
Rwanda is targeting 35% of Rwandans to be in cities by 2030. Use of E-vehicles does not 
need any toxic materials to be manipulated (Gardiner, 2017). E-Mobility optimizes the 
consumption of fuel (Johnson, 2017). The city can be cooled down by 2oC due to a use of E-
Mobility (Zielinski, 2015). The E-System contributes on city cleanness and quit (Gardiner, 
2017), innovation in technology should be applied for the system to perform in relation with 
battery life span and cost (Köhler et al., 2009) [3]. The Charging infrastructures and their 
performance for battery electric vehicles should be provided around the city to meet the 
economy of scale (van Bree et al., 2010). The electric vehicles contribute on reduction of 
CO2-emissions only when the source of energy does not depend on combustion coals 
(Zimmer et al., 2011) [4]. The city of Kigali to be carbon neutral, the e-vehicles, moto, 
scooters and bikes have been manufactured and started to operate in the city (Ruud, 2019), 
Electric cars require few parts compared to combustion engine cars (Barthel et al. 2010). The 
study conducted in 2006 indicated that more that 20% of Co2 emissions produced in urban 
zones was from urban mobility (Schoemaker et al., 2006); the mileage consumed by 
combustion engine vehicles will be substituted by electrical and the government of Rwanda 
has targeted electric access at 100% by 2024 (Usaid, 2020). 
 
2. Materials and Methodology 
The materials in this paper are electrical vehicles, E-bikes and E-motors in Kigali city. The 
methodology used to collect data is on site observation and survey applied in different points 
of the city. The sample size was calculated based on city population with confidence level 
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Fig 1a: Structure of the considered amplifier [19]. 
 

 
 

Fig 1b: Heterostructure with a substrate, epitaxial layers and buffer 
layer (view from side) 

 
Method of solution 
To solve our aim we determine and analyzed spatio-
temporal distribution of concentration of dopant in the 
considered heterostructure. We determine the distribution by 
solving the second Fick's law in the following form [1, 20-23]. 
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With boundary and initial conditions 
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Here C(x, y, z, t) is the spatio-temporal distribution of 
concentration of dopant; Ω is the atomic volume of dopant; 
∇s is the symbol of surficial gradient;  is 
the surficial concentration of dopant on interface between 
layers of heterostructure (in this situation we assume, that Z-
axis is perpendicular to interface between layers of 
heterostructure); µ1(x, y, z, t) and µ2(x, y, z, t) are the 
chemical potential due to the presence of mismatch-induced 
stress and porosity of material; D and DS are the coefficients 
of volumetric and surficial diffusions. Values of dopant 
diffusions coefficients depends on properties of materials of 
heterostructure, speed of heating and cooling of materials 
during annealing and spatio-temporal distribution of 
concentration of dopant. Dependences of dopant diffusions 
coefficients on parameters could be approximated by the 
following relations [24-26]. 
 

 
 

 (2) 
 
Here DL (x, y, z, T) and DLS (x, y, z, T) are the spatial (due to 
accounting all layers of heterostruicture) and temperature 
(due to Arrhenius law) dependences of dopant diffusion 
coefficients; T is the temperature of annealing; P (x, y, z, T) 
is the limit of solubility of dopant; parameter γ depends on 
properties of materials and could be integer in the following 
interval γ ∈ [1,3, 24]; V (x, y, z, t) is the spatio-temporal 
distribution of concentration of radiation vacancies; V* is the 
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equilibrium distribution of vacancies. Concentration 
dependence of dopant diffusion coefficient has been 
described in details in [24]. Spatio-temporal distributions of 
concentration of point radiation defects have been 
determined by solving the following system of equations [20-

23, 25, 26]. 
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With boundary and initial conditions 
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, ,  (4) 

 
ρ (x, y, z, 0)=fV (x, y, z),  
 

. 
 
Here ρ =I,V; I (x, y, z, t) is the spatio-temporal distribution 
of concentration of radiation interstitials; I* is the 
equilibrium distribution of interstitials; DI(x, y, z, T), DV(x, 
y, z, T), DIS(x, y, z, T), DVS(x, y, z, T) are the coefficients of 
volumetric and surficial diffusions of interstitials and 
vacancies, respectively; terms V2(x, y, z, t) and I2(x, y, z, t) 
correspond to generation of divacancies and diinterstitials, 
respectively (see, for example, [26] and appropriate 
references in this book); kI,V(x, y, z, T), kI,I(x, y, z, T) and 
kV,V(x, y, z, T) are the parameters of recombination of point 
radiation defects and generation of their complexes; k is the 
Boltzmann constant; ω  = a3, a is the interatomic distance;  
is the specific surface energy. To account porosity of buffer 
layers we assume, that porous are approximately cylindrical 

with average values  and z1 before annealing 
[23]. With time small pores decomposing on vacancies. The 
vacancies absorbing by larger pores [27]. With time large 
pores became larger due to absorbing the vacancies and 
became more spherical [27]. Distribution of concentration of 
vacancies in heterostructure, existing due to porosity, could 
be determined by summing on all pores, i.e. 
 

,  

 

. 

 
Here α, β and χ are the average distances between centers 
of pores in directions x, y and z; l, m and n are the quantity 
of pores inappropriate directions. 
Spatio-temporal distributions of divacancies ΦV (x, y, z, t) 
and diinterstitials ΦI (x, y, z, t) could be determined by 
solving the following system of equations [25, 26]. 
 

  
 

  
 

  
 

  
 

(5) 

 
With boundary and initial conditions 
 

, , , 

 

, , , (6) 

 
Φρ (x,y,z,0)=fΦρ  (x, y, z). 
 
Here DΦI(x, y, z, T), DΦV(x, y, z, T), DΦIS (x, y, z, T) and 
DΦVS(x, y, z, T) are the coefficients of volumetric and 
surficial diffusions of complexes of radiation defects; kI(x, y, 
z, T) and kV(x, y, z, T) are the parameters of decay of 
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complexes of radiation defects. Chemical potential µ1 in 
Eq.(1) could be determine by the following relation [20]. 
 
µ1=E(z)Ωσij [uij(x, y, z, t)+uji(x, y, z, t)]/2,  (7) 
 
Where E(z) is the Young modulus, σij is the stress tensor; 

 is the deformation tensor; ui, uj are the 

components ux(x, y, z, t), uy(x, y, z, t) and uz(x, y, z, t) of the 
displacement vector ; xi, xj are the coordinate x, 
y, z. The Eq. (3) could be transform to the following form 
 

  

, 
 
Where σ is Poisson coefficient; ε0 = (as-aEL)/aEL is the 
mismatch parameter; as, aEL are lattice distances of the 
substrate and the epitaxial layer; K is the modulus of 
uniform compression; β is the coefficient of thermal 
expansion; Tr is the equilibrium temperature, which coincide 
(for our case) with room temperature. Components of 
displacement vector could be obtained by solution of the 
following equations [21]. 
 

 (8) 

 
Where 
 

  
 

,  

 
ρ (z) is the density of materials of heterostructure, δij Is the 
Kronecker symbol. Conditions for the system of Eqs. (8) 
could be written in the form 
 

; ; ; ; 

 

; ; ;  

 
. 

 
We calculate spatio-temporal distributions of concentrations 
of dopant and radiati-on defects by solving the Eqs. (1), (3), 
(5) and (8) framework standard method of averaging of 
function corrections [28]. Framework this paper we determine 
concentration of dopant, concentrations of radiation defects 
and components of displacement vector by using the 
second-order approximation framework method of 
averaging of function corrections. This approximation is 
usually enough good approximation to make qualitative 
analysis and to obtain some quantitative results. All 
obtained results have been checked by comparison with 
results of numerical simulations. 
 
Discussion 
In this section we analyzed dynamics of redistributions of 
dopant and radiation defects during annealing and under 
influence of mismatch-induced stress and modification of 
porosity. Typical distributions of concentrations of dopant 
in heterostructures are presented on Figs. 2 and 3 for 
diffusion and ion types of doping, respectively. These 
distributions have been calculated for the case, when value 
of dopant diffusion coefficient in doped area is larger, than 
in nearest areas. The figures show, that inhomogeneity of 
heterostructure gives us possibility to increase compactness 
of concentrations of dopants and at the same time to 
increase homogeneity of dopant distribution in doped part of 
epitaxial layer. However framework this approach of 
manufacturing of bipolar transistor it is necessary to 
optimize annealing of dopant and/or radiation defects. 
Reason of this optimization is following. If annealing time 
is small, the dopant did not achieve any interfaces between 
materials of heterostructure. In this situation one cannot find 
any modifications of distribution of concentration of dopant. 
If annealing time is large, distribution of concentration of 
dopant is too homogenous. We optimize annealing time 
framework recently introduces approach [29-37]. Framework 
this criterion we approximate real distribution of 
concentration of dopant by step-wise function (see Figs. 4 
and 5). Farther we determine optimal values of annealing 
time by minimization of the following mean-squared error 
 

 (15) 
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Fig 2: Distributions of concentration of infused dopant in heterostructure from Fig. 1 in direction, which is perpendicular to interface 
between epitaxial layer substrate. Increasing of number of curve corresponds to increasing of difference between values of dopant diffusion 
coefficient in layers of heterostructure under condition, when value of dopant diffusion coefficient in epitaxial layer is larger, than value of 

dopant diffusion coefficient in substrate 
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Fig 3: Distributions of concentration of implanted dopant in heterostructure from Fig. 1 in direction, which is perpendicular to interface 
between epitaxial layer substrate. Curves 1 and 3 corresponds to annealing time Θ = 0.0048(Lx2+Ly2+Lz2)/D0. Curves 2 and 4 corresponds to 

annealing time Θ = 0.0057(Lx2+Ly2+Lz2)/D0. Curves 1 and 2 corresponds to homogenous sample. Curves 3 and 4 corresponds to 
heterostructure under condition, when value of dopant diffusion coefficient in epitaxial layer is larger, than value of dopant diffusion 

coefficient in substrate 
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Fig 4: Spatial distributions of dopant in heterostructure after dopant infusion. Curve 1 is idealized distribution of dopant. Curves 2-4 are real 
distributions of dopant for different values of annealing time. Increasing of number of curve corresponds to increasing of annealing time 

 
Where ψ (x, y, z) is the approximation function. 
Dependences of optimal values of annealing time on 

parameters are presented on Figs. 6 and 7 for diffusion and 
ion types of doping, respectively. It should be noted, that it 
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is necessary to anneal radiation defects after ion 
implantation. One could find spreading of concentration of 
distribution of dopant during this annealing. In the ideal 
case distribution of dopant achieves appropriate interfaces 
between materials of heterostructure during annealing of 

radiation defects. If dopant did not achieves any interfaces 
during annealing of radiation defects, it is practicably to 
additionally anneal the dopant. In this situation optimal 
value of additional annealing time of implanted dopant is 
smaller, than annealing time of infused dopant. 
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Fig 5: Spatial distributions of dopant in heterostructure after ion implantation. Curve 1 is idealized distribution of dopant. Curves 2-4 are real 
distributions of dopant for different values of annealing time. Increasing of number of curve corresponds to increasing of annealing time 
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Fig 6: Dependences of dimensionless optimal annealing time for doping by diffusion, which have been obtained by minimization of mean-
squared error, on several parameters. Curve 1 is the dependence of dimensionless optimal annealing time on the relation a/L and ξ = γ = 0 for 
equal to each other values of dopant diffusion coefficient in all parts of heterostructure. Curve 2 is the dependence of dimensionless optimal 

annealing time on value of parameter ε for a/L=1/2 and ξ = γ = 0. Curve 3 is the dependence of dimensionless optimal annealing time on 
value of parameter ξ for a/L=1/2 and ε = γ = 0. Curve 4 is the dependence of dimensionless optimal annealing time on value of parameter γ 

for a/L=1/2 and ε = ξ = 0 
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Fig 7: Dependences of dimensionless optimal annealing time for doping by ion implantation, which have been obtained by minimization of 
mean-squared error, on several parameters. Curve 1 is the dependence of dimensionless optimal annealing time on the relation a/L and ξ = γ 
= 0 for equal to each other values of dopant diffusion coefficient in all parts of heterostructure. Curve 2 is the dependence of dimensionless 
optimal annealing time on value of parameter ε for a/L=1/2 and ξ = γ = 0. Curve 3 is the dependence of dimensionless optimal annealing 
time on value of parameter ξ for a/L=1/2 and ε = γ = 0. Curve 4 is the dependence of dimensionless optimal annealing time on value of 

parameter γ for a/L=1/2 and ε = ξ = 0 
 

 
 

Fig 8: Normalized dependences of component uz of displacement vector on coordinate z for nonporous (curve 1) and porous (curve 2) 
epitaxial layers 

 

 
 

Fig 9: Normalized dependences of vacancy concentrations on coordinate z in unstressed (curve 1) and stressed (curve 2) epitaxial layers 
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Farther we analyzed influence of relaxation of mechanical 
stress on distribution of dopant in doped areas of 
heterostructure. Under following condition ε0< 0 one can 
find compression of distribution of concentration of dopant 
near interface between materials of heterostructure. 
Contrary (at ε0>0) one can find spreading of distribution of 
concentration of dopant in this area. This changing of 
distribution of concentration of dopant could be at least 
partially compensated by using laser annealing [37]. This 
type of annealing gives us possibility to accelerate diffusion 
of dopant and another processes in annealed area due to in 
homogenous distribution of temperature and Arrhenius law. 
Accounting relaxation of mismatch-induced stress in 
heterostructure could leads to changing of optimal values of 
annealing time. At the same time modification of porosity 
gives us possibility to decrease value of mechanical stress. 
On the one hand mismatch-induced stress could be used to 
increase density of elements of integrated circuits. On the 
other hand could leads to generation dislocations of the 
discrepancy. Figs. 8 and 9 show distributions of 
concentration of vacancies in porous materials and 
component of displacement vector, which is perpendicular 
to interface between layers of heterostructure. 
 
Conclusion 
In this paper we model redistribution of infused and 
implanted dopants with account relaxation mismatch-
induced stress during manufacturing field-effect 
heterotransistors framework a four stages distributed 
amplifier. We formulate recommendations for optimization 
of annealing to decrease dimensions of transistors and to 
increase their density. We formulate recommendations to 
decrease mismatch-induced stress. Analytical approach to 
model diffusion and ion types of doping with account 
concurrent changing of parameters in space and time has 
been introduced. At the same time the approach gives us 
possibility to take into account nonlinearity of considered 
processes. 
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